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Abstract 

We find a regularized formula for the entanglement-assisted (EA) capacity region for quan- 
tum multiple access channels (QMAC). We illustrate the capacity region calculation with the 
example of the collective phase-flip channel which admits a single-letter characterization. On 
the way we provide a first principles proof of the EA coding theorem based on a packing 
argument. We observe that the Holevo- Schumacher- Westmoreland theorem may be obtained 
from a modification of our EA protocol. We remark on the existence of a family hierarchy of 
protocols for multiparty scenarios with a single receiver, in analogy to the two-party case. In 
this way we relate several previous results regarding QMACs. 

1 Introduction 

Shannon's classical channel capacity theorem is one of the central results of information theory |18j . 
The capacity of a channel (X, Q(y\x), y) is the the maximum rate at which classical information 
can be transmitted through a channel. It is given in terms of the mutual information between the 
channel input X and output Y 

C = max I(X;Y). 

The maximization is performed over distributions p(x) for the input random variables X , which 
together with the channel p(y\x) determine the joint distribution for XY. 

The multiple-access (MAC) channel (X\ x X2,p{y\x\,X2),y) is a classical channel with two 
senders and one receiver. A general overview of MACs can be found in 0] [5]. The capacity 
problem now involves optimizing the information transmission rates R\ and R 2 for each sender. 
The classical capacity region of a MAC was found independently by Ahlswede and Liao |15| . It 
is given by the closure of the convex hull of all (R\, R2) satisfying 

Ri < I(X i; Y\X 2 ) 

R2 < I(X 2 ;Y\X 1 ) (1) 
R1+R2 < I(X 1 X 2 ;Y) 

for some product distribution p(xx)p(x2) on X\ x X 2 . 

The entanglement- assisted capacity Cb of a quantum channel M : A' — > B is the maximum 
rate at which classical information can be transmitted through a channel if the sender Alice and 
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receiver Bob pre-share unlimited entanglement. Bennett, Shor, Smolin and Thapliyal (BSST) 2 
(see also J3]) found a remarkably simple formula for the entanglement-assisted (EA) capacity in 
terms of the quantum mutual information between quantum systems A and B 

C E = maxI(A;B) e . (2) 

The maximization is performed over states 8 AB of the form 

9 AB = {I A ®N)\<p){v\ AA ' ■ 

Observe that this formula has the same form as Shannon's classical expression. 

The main result of the present work regards quantum multiple access channels (QMAC). The 
QMAC was previously studied in |23 E] • We find an expression for the EA capacity region 
for the QMAC which has the same form as f[J. As is common in quantum information theory 
|19| . our formula is "regularized" , which means that it is not efficiently computable. We exhibit a 
non-trivial example for which the capacity region can be efficiently computed. 

The BSST proof of 10 employs a double blocking strategy based on the Holevo-Schumacher- 
Wcstmoreland (HSW) theorem E] • Our proof uses a first principles packing argument which 
perhaps sheds more light on the origin of the formula The quantum mutual information 

I (A; B) comes about from the "packing" of typical spaces of size 2 nH ( AB ) into the tensor product 
of two typical spaces of respective sizes 

2 nH(A) and 2 nH(B)^ j n addition, we recover the HSW 

theorem as a special case of the EA capacity theorem. 

The paper is organized as follows. Section 2 contains the relevant background material. This 
includes notational conventions, definitions of the method of types, frequency typical sequences 
and subspaces, and useful lemmas. Section 3 contains statements and proofs of our main results. 
In section 4 we compute the capacity region of the collective phase-flip multiple access channel 
|2.'{| . In section 5 we conclude by first rewriting our results in the resource inequality framework, 
from which we recover previously known coding theorems for the QMAC. 



2 Background 

If the state p is defined on the quantum system A we may denote it by p A . We abuse notation and 
use A to denote the Hilbert space corresponding to the system A, as well as the set of bounded 
linear operators on this Hilbert space. We always use t a to denote the maximally mixed state 
t a = (dim A)~ 1 I A of a system A. We write the density operator of a pure state \tp) &sip = \ip)(tp\- 
A quantum channel Af : A' — > B is a cptp (completely positive trace preserving) map. It may 
be modelled by an isometry Utf : A' — > BE with a larger target space BE, followed by tracing out 
the "environment" system E. U_\f is known as the Stinespring dilation of Af. We will often write 
U M {p) hvUj^pU^. 

A quantum instrument :f>. D = (T> m ), is an ordered set of cp (completely positive) maps T> m , 

£>m ■ p^^A kmP A\ m . 

k 

The sum of the cp maps V = J^ mg r„i T> m is trace preserving, ^2 km A\, m Ak m = I- The instrument 
has one quantum input and two outputs, classical and quantum. The probability of classical out- 
come m and corresponding quantum output 2? m (/?)/(Tr2? m (p)) is Tr T> m (p). Ignoring the classical 
output reduces the instrument to the quantum map T>. Ignoring the quantum output reduces the 
instrument to the POVM (positive operator valued measure) (A m ) with A m = J^k ^\m^ km - 
The trace distance is defined as the trace norm of the difference between the two states 

\\a- P \\ 1 = Tt^{cx-py= max TrA^-p)]. 
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The method of types is a powerful technique used in information theory. Denote by x n a 
sequence X1X2 ■ ■ -x n , where each Xj belongs to the finite set X. Denote by \X\ the cardinality 
of X. Denote by N(x\x n ) the number of occurrences of the symbol x in the sequence x n . The 
type t x " of a sequence x n is a probability vector with elements t x " — N ^ x ^ x i . Denote the set of 
sequences of type t by 

T t n = {x n £ X n : t x " =<}. 

For the probability distribution p on the set X and S > 0, let ts — {t : Vx G X, \t x — p x \ < 5}. Define 
the set of 5-typical sequences of length n as 

ter s (3) 
= {x n : Vx € X, \tf - Px \ < 6}. 

Define the probability distribution p n on X n to be the tensor power of p. The sequence x n is drawn 
from p n if and only if each letter Xi is drawn independently from p. Typical sequences enjoy many 
useful properties |1J|S]- Let H (p) = — Y1 X P X ^°SPx be the Shannon entropy of p. For any e, S > 0, 
and all sufficiently large n for which 

p n (T p n 5 )>l-e (4) 

2 -n[H( P )+cS] < pn^nj < 2 -n[i?(p)-c5] ; Va; n g g-n 

ir^i < 2" [ff(p)+c ' 51 , (6) 

for some constant c. For t € t$ and for sufficiently large n, the cardinality D t of 7^" is bounded as 
® 

D t > 2 n ^ H ^~ n ^ (7) 

and the function rj(S) — ► as 5 — * 0. 

The above concepts generalize to the quantum setting by virtue of the spectral theorem. Let 
p = J2 X £X Px\ x )( x \ be the spectral decomposition of a given density matrix p. In other words, |x) 
is the eigenstate of p corresponding to eigenvalue p x . The von Neumann entropy of the density 
matrix p is 

H(p) = -Trplogp = H(p). 

Define the type projector 

The density operator proportional to the type projector is n — Dt" 1 !!™. The typical subspace 
associated with the density matrix p is defined as 

Ks= E |s n X* n l = £n?. 

x n eT£ s ters 

Properties analogous to (J3J - 10 hold. For any e, S > 0, and all sufficiently large n for which 

Trp® n n^ )5 >l-e (8) 

2 -n[H(p)+cS] Il n s < n ™ ^"Fl™ 5 < 2-^"^-^ II™ 4 , (9) 
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Trn; i i(5 < 2 n ^ H ^ +cS \ (10) 

for some constant c. For t £ t$ and for sufficiently large n, the support dimension of the type 
projector II™ is bounded as 

Ti-n™ > 2 n[H{p) - 1l{S) \ (ii) 

For a multipartite state p ABC we write H{A) p = H(p A ), etc. We omit the subscript if the 
state is clear from the context. Define the quantum mutual information by 

I(A\ B) = H(A) + H{B) - H(AB) 

and the quantum conditional mutual information by 

I(A; C\B) = H(AB) + H(BC) - H(ABC) - H(B). 

These are non- negative by strong subadditivity [T2|. If I (A; B) — then 

I(A;C\B) = I(A;CB) 

is easy to verify. 

2.1 Useful Results 

The set of generalized Pauli matrices (U m )m£[d?]i [d 2 ] '■= {l,---,d 2 } is defined by Ui.d+k — 
Z d (l)X d (k) for k, I = 0, 1, • • • , d - 1 and 

X d (k) =^2\s)(a + k\ =X d {\)\ 

(12) 

Z d (l)=J2^ sl/d \s)(s\=Z d (l) 1 . 

s 

The + sign denotes addition modulo d. 

Define $ j4B to be the maximally entangled state on a pair of d-dimensional systems A and B 



1^ = 1^1^^. (13) 



j=0 



In P] it was shown that 

1 d2 

^Efl 7 "® m AB (ui ®i) = t a ® t b , (u) 

m— 1 

where r = 4 J. We will also use the property 

(J® [/)|$) = (C/ T (g)/)|$) (15) 

for any operator U. T denotes transposition. 

Next is a coherent version of the gentle operator lemma [201 , Lemma 9. It states that a 
measurement which is likely to be successful in identifying a state tends not to significantly disturb 
the state. 
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Lemma 1 (Gentle coherent measurement) Let (p A )ke[K] be a collection of density matrices 
and (Aj^)fcgrK-] a POVM such that 

Trp k A k > 1-e 

for all k. Let \(j) k ) RA be a purification of p A . Then there exists an isometric quantum operation 
V : A — > A J such that 

\\{L R ® V)(^ A ) - RA ® {WW < VSe. 

Proof Every POVM can be written as an isometry followed by projective measurement on a 
subsystem. In particular, there exists an isometry T> : A — > A3 such that 

i 

Thus 

{k\{4> k \{i®v)\4> k ) = (0*|(J® V^)\<Pk) 

= TrpfeAfc 
> 1- e. 

The first inequality uses that A k < VAfc when < A k < I. The statement of the lemma follows 
from the fact that for pure states \() and 

||C-VIH2 v /i-|(Ch/'}| 2 . 

Lemma 2 (Packing) We are given an ensemble {X m ,a m : m £ S} with average density oper- 
ator a — I] mg 5 A m cr m . Assume the existence of projectors IT and (Jl m )mes with the following 
properties: 

Tra m n m > 1-e, (17) 
Trcr m n > 1-e, (18) 
Trn m < d, (19) 

no-n < £) _1 n, (20) 

for all m € S. Let N — [_jD/d\ for some < 7 < 1. TTien i/iere exists a map f : [N] — > S, and a 
corresponding POVM {A k )ke[N] which reliably distinguishes between the states (c/(fc))fce[iv] * n ^ e 
sense that 

Tra f(k) A k > I - 4(e + V¥e) - I67 

/or a// fc € [N]. 

The proof is in Appendix 1X1 

Lemma 3 If \tp} ABE is a pure state then 

H(B\E)^ = -H(B\A)tp 

Proof Since \%p) ABE is pure, we have H(A) rjl = H(BE) i> and H(E)^ = H{AB) i> . Then 

H(B\E)tp = H(BE)^ - H(E)tp 

= H{A)ip - H(AB) 4 , (21) 
= -H{B\A)^. 
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Lemma 4 For any state a , 

I(A;B) a < H(B) a + H{B\E) a . 

Proof Introduce a reference system R that purifies the state a ABE , then 

B) a — H(B) a - H(B\A) a 

= H{B) a + H(B\ER) a (22) 
<H{B) a +H(B\E) a 

using lemma |21 and the fact that conditioning reduces entropy |16| . 

3 Main Result 

3.1 Two party entanglement-assisted coding 

Before attacking the multiuser problem we prove a version of the entanglement-assisted coding 
theorem. This theorem was first proved in and subsequently in 13. Both proofs invoke 
the Holevo-Schumacher- Westmoreland (HSW) theorem. The HSW theorem uses the method of 
conditionally typical subspaces. We give a direct proof based on the packing lemma which only 
uses typical subspaces. The proof perhaps sheds more light on why achievable rates take on the 
form of mutual information. 

Alice and Bob are connected by a large number n uses of the quantum channel J\f : A' — > B. 
Alice controls the channel input system A' and Bob has access to the channel output B. They 
also have entanglement in the form of n copies of some pure bipartite state ip A B . Any such state 
is determined upto a local unitary transformation by the local density operator p A = Tr b> <f A B ■ 
Alice and Bob use these resources to communicate, in analogy to superdense coding 3 . Based on 
her message Alice performs a quantum operation on her share of the entanglement. She then sends 
it through the quantum channel. Bob performs a decoding measurement on the channel output 
plus his share of the entanglement. They endeavour to maximize the communication rate. 

We formalize the above information processing task. Define a [n, R, p, e] entanglement-assisted 
code by 

• a set of unitary encoding maps (£fc)fce[2™ R ] acting on A' n — A\ . . . A' n for Alice; 

• Bob's decoding instrument D = (T>k)ke[2 nR ] acting on B' n B n . 
such that for all k E [2 nR ] 

i) Tr{[V k o ((A/"®" o £ k ) ® I)]{ip® n )} > 1 - e; 

ii) the code density operator satisfies Ek{p® n ) — p® n ] 

hi) || [(V ®I E ")o ((U^ n o £ k ) g, I) - {U M ® n ® m^W, < e. 

Condition i) means that Bob correctly decodes Alice's message with high probability. This 
condition suffices for two-party entanglement-assisted communication. The other two properties 
will prove important for the multiparty generalization. Condition ii) means that Alice always 
inputs a tensor power state into the channel. Condition iii) says that the encoding and decoding 
operations in effect cancel each other out. 

Theorem 1 Define d AB = (1(g) U)ip AA ' and R = I (A; B) e . For every e, S > and n sufficiently 
large, there exists an [n, R — S, p, e] entanglement- assisted code. 
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Proof of Theorem 1 Let t(l), . . . ,t(a) be an ordering of the distinct types t x . Define r™ 
l/d a n? (Q) ,d Q = Trn™ (a) and 



1$, 



A m B m 



1= \x n ) A ' n wY n - 



'da ^ 



x"£T" 



In the beginning Alice and Bob share the entangled state 



I* 



A' n B' r 



(23) 



where p a — Y^ x n eT™ P n {x n ). The type projectors induce a decomposition of the Hilbert 

space H.® n of A' n and B' n into a direct sum 



H® 11 = H 



*(«)• 



a=l 



Let ^ = {(gi, 5 2,--- ,9a) : 5a G {1,...,<£}}, 6 = {(61,62,. A) : 6 Q S {0,1}}, and 5 = 5xfi. 
Every element s a E S is uniquely determined by t/° S 5 and 6 a S £>. Given an element s a S 5, 
define a unitary operation [/go to be 



17.. = CV,6* = ®(-i) 6t "£/ flQ 

where {C/ 9a } are the d 2 a generalized Pauli operators l|12|) defined on Ttt(a)- Define 



(24) 



af: B ' n := (A/ - * 8 ™ <g> I) (E/.. ® J)* A '" S '" (f/] o 8 /) 



= (I®Uj*)6® n (I®U* sa ). 
The last equality follows from l|15|l. Let er to be the average of <7 S °. over 5, then 



(25) 



B5 



E ^ ^VP^ 7 ^"®/) [(^6-®/)|*a><$a'|(tft. t6 .®I)l . (26) 



g a eG b a eB a,ot' 



a 

The last equality comes from (12711 and (|28|) below. When a = a', 
1 



1 



g*egb*eB 

® 7 )ft E • • • E^(^ ® i)®«{ui <8 j) 



(27) 



91 9a 

(A^"®/K(t£®t™). 
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The last equality follows from l|14ll . When a ^ a' , 
1 



1 , V (-l)"° +b 

~ dldl, VPaPa ' ^ 4 



£ (A/ -0 " <8> /) [(f/ 9Q ®/)|* q )(* q /|(£/] q , ® J) 



(28) 



b a b n 



0. 



Define the projectors on B' n B Tl 



n s ^(/®^)n^(/®[/;„) 
n = n^ )i5 ®n« 5 . 



(29) 



The following properties are proved in Appendix For all e > 0, 5 > and all sufficiently large 



Troll > l-e 

Tra s all s a > I — e 

X r n s „ < 2 n[H{AB)e+cS] 

nan < 2 n[H{A)e+H{B)e+c5] ii. 



(30) 
(31) 
(32) 
(33) 



Let A s a = jiy and i? = I(A; B)q — (2c + 1)<5. We now apply the packing lemma to the ensemble 
{A S ", a s a : s" £ 5} and projectors IT and IT s a. Thus there exist a map / : [2 nR ] — > 5 and a POVM 
{Afe} fee [ 2 "«] such that 

Tra /(fe) A fc > 1 - e', (34) 

with 

e' = 4(e + V8e) + 16 x 2-™ 5 . 

Define the encoding operation by £k = C^/(fc)- 

Including the environment system, the state of B n B' n E n after the application of the channel 
IV is 



\ B"B' n E" 



(u M ® n ®i)(u nk) ®i)\*) 



A'"B' 



(35) 



|Tfc) is a purification of c/(/c)- By Lemma^ there exists an isometry V : B n B' n — ► B n B' n J such 

that 

||(7® Z>')(T fe ) - T fc ® |*)(fc| J ||i < VSe 7 . 

Bob performs the controlled unitary 

w JB ' n =Y,\k)(k\ J (d(ir m f n . 



Defining V" = (W <S> I s " ) o D', this implies 

||(7 ® P")(T fe ) - /)(y>® n )] |fc)(fc|||i < %/Se 7 



(36) 



The instrument (£>&) is defined by T>" followed by a von Neumann measurement of the system 
J. Equation (|36|) expresses the fact that the classical communication being performed is almost 
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decoupled from all the quantum systems involved in the protocol, including ancillas and the inac- 
cessible environmnent. We remark that this guarnatees the ability to "coherify" the protocol in 
the sense of jjj. 

Condition i) in the form 

Tr {[D k o ((A^" o £ k ) ® I)]{y® n )} > 1 - e' 

is immediate from (I34|) . Condition ii) follows from the construction l|24|l . Condition iii) in the form 

\[(p ® I E ") o ((I7®» o £ k ) ®I)- {UfT <g> 

follows from l|3t)[l . ■ 

3.2 Remark on the HSW theorem 

Suppose that Alice and Bob are connected by a special cq channel of the form 

N = AT o A, 

where A is the dephasing channel 

P^J2\x)(x\p\x)(x\. 

X 

A {c — > q} channel is equivalent to one with classical inputs and quantum outputs. The HSW 
coding theorem states that rates R = I (A; B)g, 9 AB = (7 ® J\f)ip AA are achievable even without 
entanglement assistance. We show that this fact follows from our construction in two steps. 

The first step is to replace the entanglement used by classical common randomness. Observe 
that the encoding operations U s o. all satisfy 

A 8 ™ o U s * = A®" o U a « o A 18 ". 

This follows from the corresponding property of the generalized Pauli operators l|12[). Hence for 
cq channels Af 

= [(A/"®" o E k o A® n ) I] (^® n ) (37) 

where 

^ = (A <g> I)iy9 = ^2p x \x){x\ ® ] £C> <sc ] 

X 

is the dephased version of ip. The state ~ip® n can be constructed from classical common randomness 
like that used in Shannon's original coding theorem. 

The second step is showing that common randomness is not needed. The argument parallels the 
derandomization step from the proof of the packing lemma ( Appendix |A"|> . We have thus recovered 
the HSW coding theorem. 

The benefit of the above proof is its close analogy to Shannon's joint typicality decoding. We 
only made use of typical subspaces and not conditionally typical subspaces. 



< V8e' 
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3.3 Multiple Access Channel 



We turn to the communication scenario with two senders, Alice and Bob, and one receiver, Charlie. 
They are connected by a large number n of uses of the multiple access quantum channel M. : A'B' — > 
C. Alice and Bob controls the channel input systems A' and B' , respectively. Charlie has access 
to the channel output C . Each sender also shares unlimited entanglement with the receiver, in the 
form of arbitrary pure states |ri)' 4c '- 4 and \T 2 ) BCb ■ The system A is held by Alice, B by Bob, and 
CaCb by Charlie. Based on her message Alice performs a quantum operation on her share of the 
entanglement, and likewise for Bob. These are then sent through the quantum channel. Charlie 
performs a decoding measurement on the channel output plus his share of the entanglement. Now 
both Alice's and Bob's communication rates need to be optimized. 

We formalize the above information processing task. 

Define an (n, R 2l e) entanglement-assisted code by 

• two sets of encoding cptp maps: (£fc)fee[2 nfl i] taking A to A' n for Alice, and (£; 2 )/ e [2™«2] 
taking B to B' n for Bob ; 

• Charlie's decoding POVM {^-k,i)ke[2 nR i] ,ie[2 nR 2] on CaCbC, 
such that 

Tr{A ktl [((M® n o(gl®£?))®I c * c »)(rf CA ®T% CB )]} > 1 - e. (38) 

We say that (Ri,R 2 ) is an achievable rate pair if for all e > 0, 5 > and sufficiently large n 
there exists an (n, R± — S, R2 — 8, e) entanglement-assisted code. The entanglement-assisted capacity 
region Ce{-M) is defined to be the closure of the set of achievable rate pairs. 

Theorem 2 Consider a quantum multiple access channel M : A'B' — > C . For some states p A 
and p B define 

qABC = qAB M )^AA> ^BB'^ (39) 

where \(pi) AA and\<p2) BB are purifications of p A and p B respectively. Define the two-dimensional 
region Ce(-M, Pi, P2), shown in FigQJ by the set of pairs of nonnegative rates (i?i,i?2) satisfying 

Rx < I(A; C\B) e 

R 2 <I(B;C\A) e (40) 
Ri+R2< I(AB;C) g . 

Define Ce(M) as the convex hull over states pi,/?2 of Ce{M-, pi, P2)- Then the entanglement- 
assisted capacity region Ce{M.) is given by the regularized expression 



C E {M) = |J C E (M® n ). 

n=l 

There is an additional achievable single-letter upper bound on the sum rate 

Ri+R 2 < max/(AB; C)g (41) 

Proof of Theorem 2 (direct coding theorem) Let the entanglement be given in a tensor 
power form, as in Theorem 1. Define a [n, Ri,R 2 , pi, P2, e] entanglement-assisted code as a special 
case of an (n, Ri,R 2 , e) code: specify Ti = (j>f " and T 2 = <pf n , and identify A := A' n and B := B' n . 

To show the achievability of every rate pair (Ri,R 2 ) in the convex hull of the Ce(M-, Pi, P2), by 
time-sharing it suffices to show this for elements of a particular Ce{M, Pi,P2)- The latter follows 
from the achievability of the corner points in the region. Once we show that, the non-corner points 



10 



I{B-C\A) 



i Q 



mc) 



Ri 

I(A;C) I{A-C\B) 

Figure 1: Capacity region of multiple access channel for fixed input states p\ and p 2 



can be achieved by time-sharing (see, e.g. jH]). Consider the corner point Q. For all e > 0,6 > 
and n sufficiently large, we show below that there exists a [n, I (A; C)g — 5, I(B; C\A)g — 6, px, p 2 , e] 
entanglement-assisted code (8 1 ,£ 2 ,T>). 

The point Q corresponds to the maximum rate that at which Alice can send as long as Bob 
sends at his maximum rate. This is the rate that is achieved when Bob's input is considered as noise 
for the channel from Alice to Charlie. From the two party direct coding theorem, Alice can send at 
a rate I{A; C) and Charlie can decode the message with arbitrarily low probability. Charlie then 
knows which encoding operation Alice used and can subtract its effect from the channel. Therefore, 
Bob can achieve the rate I(B; C\A). This outlines the proof of the achievability of point Q. 

Define the channel A/i : A' — > C by 



Dehne 



Mi : lu i-» M{uj ® p 2 ). 

A/"®" is the effective channel from Alice to Charlie when Bob's input to M® n is pf n . 
A : A' -> C B C by 

Sf\ : OJ !->• (I <8> M)(u ® ip 2 ). 

Observe that Afx is an extension of Afx ■ Hence it is a restriction of JT/Vi . 
Define the channel A2 : B' — > CaC by 

Af 2 : u h-> (/ ® M)((px ® w). 

A/"®" is effective the channel from Bob to Charlie if Alice simply inputs the A' part of the entangled 



state/purification (ip 1 



A'Ca \0n 



without encoding. 



Fix e > 0,(5 > 0. Define i?i = I(A;C) e - (5 and i? 2 = I(B;C\A) 9 - 6, with 9 defined in 
(123). By Theorem 1, for sufficiently large n there exists an [n, pi, e] entanglement-assisted code 
(f 1 ,2? 1 ) for A/i and an [n, i? 2 , P2, e] entanglement-assisted code (£ 2 ,T> 2 ) for A/2 such that for all 

k e [2 nRi ],l e [2 nfl2 ], 

i) Tr {[2?J o ((AAf" o ^) ® /^)](^D} > 1 - e; 



ii) [(V 1 O /) o ((A/? r 



/ c - 4 )-(A/f™(g)/ c '^)](^f n ; 



< e; 
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iii) Tr {[T>i o o £?) ® I c -)](^f ")} > 1 - e; 

iv) the code density operator satisfies £f(pf n ) = pf n - 

We now define our code for the multiple access channel M.. Alice and Bob encode according to 
[£\) and (£?), respectively. Define the instrument iVk,i) on CCaCb by 

V U =V\ o(V\®I Cb ). 

Then Charlie's decoding POVM (Ajy) is the restriction of (T>k,l)- Examining the success proba- 
bility of decoding Alice's message fc: 

Tr {{V\ <g> I Cb ) o {{M® n o / c ^ CB )(^f" ® »)} 

= Tr {V\ o o (4 ® £ 2 )) ® J c -)(<pf » ® pf ")} 

= Tr{Vl o ((M® n o (£l ® I B ' n )) ® 7 c ^f" ® pf n )} (42) 

= Tr{[^o(«"°4)®^]^r)} 
> 1- e. 

The second equality follows from lrvjl and the third fromOJ. 

Next Charlie decodes Bob's message. Rewrite |nj in terms of Ad: 



1 



[{V 1 ®I Cb )o {{M® n o (£l ® I 13 '")) ® iCaCb^ _ ( M ®n g /C A C B ^®« g ^Rnj 

Since £ 2 is unitary and satisfies livjl . 

[(2? 1 ® I Cb ) o ((A4® n o (4 ® £ 2 )) g, 7 C7 A C B) _ jCaCb)^^ g ^ 

Rewrite [m]) in terms of : 

Tr{[X> 2 o {{M® n o (I A ' n ® £?)) ® I c ^ CB )}( v f n ® ipf ")} > 1 - e; 



i 



Define 
Hence 



^CCUCs = (pi jCb) ((^<8n o (£l g, £2)) g, jCaCb^St* g ^®«) 



TrpDffi 00 ^] > 1 -2e. 
Now (138(1 follows. This concludes the achievability of point Q. 

Corner point P can be shown in the same manner. Corner point R corresponds to the maximum 
rate achievable from Bob to Charlie when Alice is not sending any information. The proof is obvious 
since we can assume that Alice is throwing the same state into the channel all the time. The corner 
point O follows from the same reasoning. This concludes the proof of direct coding theorem. 

Remark. The entanglement assistance may be phrased in terms of tensor powers of ebit states 
|<f>+) = t^(|0)|0) + |1)|1)) instead of the arbitrary | Ti) and ^2). The protocol achieving the corner 

points of the region Ce(M-, pi, P2) uses \Ti) — |</>i)®" and |r 2 ) = \4>2)® n ■ By entanglement dilution 
|10| . may be asymptotically obtained from an ebit rate of E\ = H(A)g shared between Alice 
and Charlie. Likewise ^2) may be asymptotically obtained from an ebit rate of E2 = H(B)g 
shared between Bob and Charlie. 

Proof of Theorem 2 (converse) Start with some (n, Ri, R2, e) entanglement-assisted code 
(see Fig. |2J. Assume Alice's message k and Bob's message I are picked according to the uniform 
distributions on [2 niil ] and [2 ni?2 ], respectively. These correspond to random variables K and L. 
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Figure 2: A general protocol for multiple access entanglement-assisted classical communication 



Alice performs the encoding operation E\ on the A part of | Ti ) j4C7 - 4 conditioned on K = k. Bob 
performs the encoding operation £f on the B part of ^2) BCb conditioned on L = I. The output of 
E\ ® £f is sent through the multiple access channel M.® n just after time to . The channel output 
C n is acquired by Charlie at time t. Charlie performs a POVM on the channel output and his part 
of the entanglement CaCb- The measurement outcome is a random variable W = (K, L). By the 
condition 

Pr{K £ K and L ^ L} < e. (43) 

The protocol ends at time tt. We first obtain an upper bound on the sum rate i?i + R^- At this 
time 

n(R t + R 2 ) = H(KL) < I(KL; KL) + nrj(n, e), (44) 

where the function 77(71, e) tends to as e tends to and n tends to infinity. The inequality is 
standard in classical information theory It is obtained by applying Fano's inequality 0] to 
Ij43(l . Denote the state of the system at time t by 

^KLC.CzC-E- = { jKLC A C B g ^n )(ei g ^ 

^A'"KC A = g-nfl! \k)(k\ K ® (£l ® J C ^)(rf C ^), 
k 

£B' n LC B = 2 -nR 2 \l)(l\ L ® (£2 <g) J C «)(rf Cs ). 
I 

Denote by A n the system which purifies the restriction of the A' n parts of the state £1 at time to- 
Then A" contains K and Ca as subsystems. Define B n in a similar fashion. 
The Holevo bound reads 

I{KL; KL) < I(KL; C A C B C n )^. (45) 
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The entropic quantities below refer to the state to. 

I(KL-C A C B C n ) 

= I(C n ; C a CbKL) - I(C A C B ;C n ) + I(KL; C A C B ) 
<I{C n -C A C B KL) 

< H{C n ) + H(C n \E n ) [ ' 

= H(C n ) - H(C n \A n B n ) 
= I(C n - 1 A n B n ). 

The first inequality follows from I(KL; C A C B ) — and I(CaCb', C n ) > 0. The second inequality 
holds because of lemma 0] The second equality is from lemma [3J 
Putting everything together gives 

R1+R2 <v(n,e) + -I{C n ;A n B n ). (47) 

n 



Observe that 



-H(C n ) + H(C n \E n ) 
n 



i 

<max[H(C)e+H(C\E) e ] ( 48 ) 

= max[H(C) e - H{C\AB) e ] 
P1.P2 

= maxI(AB:C) e . 

Pl>P2 

The state 9 is defined in (J3SJl. 

An upper bound on Alice's rate R\ is obtained in a similar fashion. Equations 

nRi=H(K)<I(K;K)+nr)(n,e), (49) 

and 

l{K-k)<I{K;C A C B C n )^ (50) 
are obtained as above. With respect to oj: 

I(K:C A C B C n ) 

= I(C B C n ; C A K) - I(C A ; C B C n ) + I(K; C A ) 
<I(C B C n ;C A K) 

< I{B n C n ;C A K) 

< H(B n C n ) + H(B n C n \E n ) 
= H(B n C n ) - H(B n C n \A n ) 
= I{A n -B n C n ) 

= I{A n -C n \B n ). 

Hence 

R\ < V(n,e) + -I(A n ;C n \B n ). (52) 
n 

By the same argument 

R2<v(n,e) + -I(B n ;C n \A n ). (53) 



(51) 



14 



This concludes the proof of the converse. 

We leave it as an open problem to single-letterize the above capacity region. We do not know if 
the regularization in our main theorem is actually necessary. Indictions that it might not be are the 
successful single-letterization of the two-user entanglement- assisted capacity in 2J which we have 
used to obtain the single-letter bound on the rate-sum above, and the fact that the regularization 
is not necessary in the classical case. 



4 The collective phase-flip channel example 

Consider the case that \A'\ — \B'\ — d. The collective phase-flip channel j2H] M. v ■ A'B' — * C is 
defined as 

d-i 

M P {p) = ^ Pk (Z(k) ® Z(k))p(Z(k) ® 2(fc))t (54) 

k=0 

where Z(k) is the generalized Pauli phase operator from l|12fl . We will show that the capacity 
region for the multiple access phase-flip channel M. v assisted by entanglement is the collection of 
all pairs of nonnegative rates (Ri, R2) which satisfy 

i?i < 21ogd 

i? 2 <21ogd (55) 
R 1 +R 2 <41ogd- H{jp) 

Proof First we show that l|55l) is precisely the region Ce(-M, t, t), proving achievability. The 
corresponding 9 state is 

e ABC = {i AB ®m p ){$ aa ' ®$> BB '), 

where |$) is the maximally entangled state JT3J|. It is easy to see that 

H{A) = H(B) = Hir) = logd 
H(AC) = H{BC) = log d + Hip) (56) 
H(ABC) = H(p). 

Hence we reach our conclusion 

1{A\C\B) = 21ogd 

I(B;C\A) = 21ogd (57) 
I(AB;C) =A\ogd- Hip). 

It remains to show that (|55|1 is an upper bound on the capacity region. It is clear from (|40l) 
that i?i < 2HiA) and R2 < 2HiB). Hence the first two inequalities in iJSSJ. The third makes use 
of the single-letter upper bound l|41|) on Ri + R2. It suffices to show that 

max/(AB;C% =4logd-H(p), (58) 
p 

where 

qABC = (jAB g M^ABA'B'^ (5Q) 

and ip ABA B is a purification of p A B . 1 We need three ingredients. The first is that the maximum 
in 1)58(1 is attained for states p A B diagonal in the basis (see Appendix IH1 for a proof of this 

fact). Define a Stinespring dilation Um p '■ A'B' — > CE of M. p as 

UM P =Y,\o l ) c \hi) E m A ' B ' (so) 



'we have already shown that this maximum is achieved for the product state p A B 
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where 

k=0 

By the results of Appendix IU1 

I(AB; C) e = 2H({ rjl }) - HQ^ r^), (61) 

n 

where p = Y,ji r ji\j l )U l \- 

The second ingredient is that I(AB; C)g is a concave function of p and hence has a unique 
local optimum. This is because for degradable channels |Hj such as Ai p , the coherent information 
I(AB)C) := I(AB; C) — H(A) is a concave function of input density matrix p Since H(A) is 
also concave we conclude that I(AB; C) is concave. 

The third ingredient is to use the method of Lagrange multipliers to find a local optimum for 
I(AB; C)g. We need to optimize 

f({r 3l }) = 2H{{r 3l }) - 

with Lagrange multiplier A. Differentiating with respect to the rji gives d simultaneous equations. 
By inspection, rji — 1/d 2 is a solution to this system of equations. The second ingredient ensures 
that this is in fact the global maximum. Thus 

m&xI(AB;C) e = 2H({^}) - £ cf> m ) = 41ogd~ H(p), 

m 

as claimed. 



5 A hierarchy of QMAC resource inequalities 

In this section we phrase our result using the theory of resource inequalities developed in [7j . The 
multiple access channel M. : A'B' — * C assisted by some rate E\ of ebits shared between Alice and 
Charlie and some rate E2 of ebits shared between Bob and Charlie, was used to enable a rate R\ 
bits of communication between Alice and Charlie and a rate R2 bits of communication between 
Bob and Charlie. This is written as 

(M) + Ei [qq]AC + E 2 [qq] B c > Rl [c -> c] AC + R 2 [c -> c] B C- 

Without accounting for entanglement consumption (i.e. setting Ei = E% = 00) the above resource 
inequality holds iff (Ri,R 2 ) £ Ce(M), with Ce(M) given by Theorem|21 The "if" direction, i.e. 
the direct coding theorem, followed from the "corner points" 

(M) + H(A) [q q] AC + H{B) [q q] BC > I {A; C) [c -» c] AC + I{B\ C A) [c - c] BC (62) 

and 

(M > + H(A) [q q] AC + H(B) [q q] BC > I(A; C B) [c -> c] Ac + I{B; C) [c ^ c] BC . (63) 

All the entropic quantities are defined relative to the state Q ABC defined in (|39|l . 

Just as in the single user case (cf. rule O in [7]), the protocol can be made coherent, replacing 
[c — > c] by !([<?<?] + [q — > ?])■ Cancelling terms on both sides gives "father" protocols for the QMAC 

(M) + \ I(A; BE) [q q] AC + \ I(B; E) [q q] BC 

1 2 1 (64) 

> - I(A; C) [q - q] AC + - I(B; CA) [q -» q] BC 
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and 

(M) + \ I(A; E) [q q] AC + ~ I(B; AE) [q q] BC 

2 \ (65) 

> - I(A; CB) [q -> q} AC + - I(B; C) [q -> g] BC , 

where the entropic quantities are now defined with respect to a purification Q ABCE of 9 ABC . 
Applying [q — > g] > [gg] to the above equations gives 

(X) > 7(A)C) [g - g] AC + 5 I(B)CA) [q -> g] B c (66) 

and 

(M) > J(>4)flC0 [g g] A c + 5 J(S)C0 [g - g] BC . (67) 
These equations are of the form 

> Qi [g ^ gUc + Q2 [<7 ^ g]sc- (68) 

The optimal set of pairs (Qi,Qz) satisfying (|fJ5|l was found in [23], [TI|- Equations and (|57|) 
recover the "corner points" of the corresponding capacity region. 

Coherifying only Bob's resources in equation l|62(l gives 

(M) + H(A) [qq] AC > I(A; C) [c -> c] AC + I(B)CA) [q -► q] BC . 

Consider M. of a special {eg — ► g} form in which Alice's input is dephased before being sent though 
the channel. The arguments from Section l3~2l apply here to show that the Alice-Charlie entangle- 
ment is not needed. Thus we recover another coding theorem proven in |23j which characterizes 
the pairs (R\, Q2) for which 

(M) > Ri [c -» c] AC + Q2 [q -» q] B c- 

We can also recover the result of Winter [2^ which solves 

(M) >Ri[c^ c]ac + R2 [c -► c] BC . 

for {cc — > g} channels A4. We just apply the argument from Section 13.21 to remove the need for 
any entanglement assistance. 

Ultimately we would like to solve 

(M) >Qi[q^ q] ac + Ei [q q] A c +Ri[c—> c}ac + Q2 [q -> g]sc + E 2 [q q]sc + R2 [c —> c]bc, 

where the 6 rates may be positive or negative. The single user case Q2 = E2 = R2 = was solved 
in®. 
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ing channels. ID and MH were supported by the NSF 05-501 grant no. 0524811. AW was supported 
by EU grant RESQ (no. IST-2001-37559) and the U.K. Engineering and Physical Sciences Resesrch 
Council's "QIP IRC" . 
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A Proof of Packing Lemma 

We need the following lemma from 

Lemma 5 (Hayashi, Nagaoka) For any operators < S < I and T > 0, we have 



I - VS + T SVS + T < 2(1 -S) + 4T. 

We are now ready to prove the packing lemma, along lines suggested by the work 

Proof Define a collection of pairwise independent random variables {M^ : k £ [N]}, each 
distributed according to A. Set f(k) = Define M N — Mi . . . Mn- Define p e = i X)fcLiPe(&) 
with 

Pe(fc) = Trcr /(fc )(7 - Afc). 

We shall construct a POVM {A fc } such that 

E m n% < 2(e + v 7 ^) + 7 
The POVM elements {Afc} are constructed by the so-called square root measurement ^ 1 ^ 117) 



i 

with 



A *=(£ T /«)~" T /«(£ T 



/(0 



T — TTTT TT 

Invoking lemma[Sl we can now place an upper bound on the probability error: 

1 N 

P e < - £ [2(1 - Tra m T f(k) ) + 4^Tr a m T m }. (69) 

fe=l i^fc 

Lemma ?? and property (|18fl give 

\\na m U-a m \\ 1 <V8'e. (70) 

By property JTZJ) and 1(70)1 

Trer m T m > Tr cr m n m - ||IIcr m II - er m || i 

> l-e-\/8e. (71) 

For k ^ I, the random variables Mfc and Mi are independent. Thus 

E M «(Tra /( fc)T /(0 ) = Tr (nE<r Mfe n En Mj ) 

< D _1 ETr IIIlMi 

< d/D. (72) 

The first inequality follows from Ectm^ = c and property (|19fl . The second follows from II < / 
and property 1)20)1 . Taking the expectation of 1)69)1 . and incorporating 1)71)1 and 1)72)1 gives 

E M «p e < 2(e + v 7 ^) + 4(JV - l)d/D, 

< 2(e + v'Se) + 4iVd/.D (73) 
= 2(e + \/8e) + 4 7 =: e'. 

Two more standard steps are needed. 
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i) Derandomization. There exists at least one particular value m N of the string M N such that 
for which p e is at least as small as the expectation value. Thus 

Pe(C) < e'. (74) 

ii) Average to maximal error probability. Since 

then p e (k) < 2e' for at least half the indices k. Throw the others away and redefine /, N and 
7 accordingly. This further changes the error estimate to 

4(e + V8e) + I67. 



B Proofs of properties (l30l)-(l33l) 

I. Proof of property j^SJl . 

Define P to be the complement of the projector P. That is P = I — P. 

n = nfr( rtl4 ® n p % 
= ('-n^ (pW )®(/-i% 5 ) 
= i ® / - 1 ® iii 5 ~ %(p),6 ® 7 + ® 
> j® j-j®ft£ tf -fift. WiJ ® / 



Therefore 



the last line by a double application of ' 

II. Proof of property l|31(l . 
By (ESI and Jgj, 



Tra sB n s . =Tr0» n n^ 
> 1-e, 



(75) 



Tr of. fl 'n > Tr a s . - Tr a s « {I ® ft" tf ) - Tr <7 fl . (fifr^ ® I) 

= 1 - Tr [af;n» 5 ] - Tr [o^fi^] (76) 
> 1 - 2e, 



(77) 



The last line follows from JSJ. 
III. Proof of property 

Trn s a = TrlT^ < 2 n [ ff (' 4B )o+ c < 5 ] . (78) 
The inequality follows from (|10|) . 
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IV. Proof of property i|33|) . 

Because of we can bound the density operator r™ by 



n™ 

r a - LL p>s . (<») 

t(a) 



Then 



n<7n = (n^ ))5 ®n^) 



(nfr (p)i4 ®n£ 4 ) 



_ a 

= £p Q [W W ^(rTO WiJ ) ® (n>£II^)" 

a 

<(^(p)^ n (T,p^ u h P ),s) ® (2-"[ ff w-"W]n^ 5 ) (so) 
<J 2 -"[»^w)-^n; w ^(2-' , i ff w- , '( i )in; i{ ) 

_ 2 -n[H(p)+H(JV(p))-c«-77(«)] n 
_ 2 -n[i?(^)e+ff(B)e-c5- 7? (5)] pj 

where the first inequality follows from (|79|l and the second from ©. 

C Generalized dephasing channels 

We follow the techniques of |23l 1221 E] . Let A' and B be quantum systems of dimension d with 
respective bases {\i) A } and 

The a channel jV : yt' — * B is called a generalized dephasing channel if 

M(\i)(i\ A ') = \i)(i\ B ' 
We can write down a Stinespring dilation Uj\f : A' — > Si? for AA: 

where the {|</>i)" E } are not necessarily orthogonal. Given Uj\f, the complementary channel Af c : 
A' — > E 1 = Tr b o LOv acts on some input state p" 4 as 



£(*l B (£lO B l^)Vr>' 

£<*w^F (81) 

i 



It depends only on the diagonal elements {r^} of p expressed in the dephasing basis. When the 
il'Pi) } are a l so orthogonal, the channel Af is called completely dephasing and is denoted by A. 
It corresponds to performing a projective measurement in the dephasing basis and ignoring the 
result. The following properties hold: 

N c = N c o A 

7VoA = AoA/' (82) 
H(A(p)) > H(p) 
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Define 6 AB = (I A (g) AT)(j> AA , where <fi AA is a purification of the input state p A . 

Lemma 6 Given a dephasing channel TV : A 1 — > B, the mutual information I(A; B)g is maximal 
when the input state p A is diagonal in the dephasing basis. 

Proof Since 

I(A; B) = H(A) + H(B) - H(BA) 
= H(A) + H(B) - H(E) 

= H(p) + H(N{p))-H{N c {p)) (83) 
< H(A(p)) + H((AoJV(p)) - H{N C o A(p)) 
= H(A(p)) + H{Mo A(p)) - H{M C o A(p)) 

The inequality is saturated when p = A(p) = J2 r i I i n which case 

I(A;B) = 2H({n})-H(Y,n&). 

i 
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